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Abstract – The hyperbola represented by the binary quadratic 

equation 2857
22  yx  is analyzed for finding its non-zero 

distinct integer solutions. A few interesting relations among its 

solutions are presented. Also, knowing an integral solution of the 

given hyperbola, integer solutions for other choices of 

hyperbolas and parabolas are presented. Also, employing the 

solutions of the given equation, special Pythagorean triangle is 

constructed. 
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1.   INTRODUCTION 

The binary quadratic Diophantine equations of the form 

)0,,(,22  cbaNbyax  are rich in variety and have been 

analyzed by many mathematicians for their respective integer 

solutions for particular values of ba , and N . In this context, 

one may refer [1-16]. 

This communication concerns with the problem of obtaining 

non-zero distinct integer solutions to the binary quadratic 

equation given by 2857 22  yx   representing hyperbola. A 

few interesting relations among its solutions are presented. 

Knowing an integral solution of the given hyperbola, integer 

solutions for other choices of hyperbolas and parabolas are 

presented. Also, employing the solutions of the given 

equation, special Pythagorean triangle is constructed. 

2. METHOD OF ANALYSIS 

The binary quadratic equation representing hyperbola is given 

by                                                                                                      

2857 22  yx                                                          (1)    

 Taking, 









TXy

TXx

7

5
                                                             (2) 

in (1), it reduced to the equation 

1435 22  TX                                                       (3)  

The smallest positive integer solution  00 , XT  of (3) is 

7,1
00
 XT  

To obtain the other solutions of (3), consider the pellian 

equation 

135 22  TX                                                         (4) 

whose smallest positive integer solution is 

6
~

,1
~

0
 XT

o
           

The general solution  nn XT
~

,
~

 of (4) is given by 
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Since irrational roots occur in pairs, we have 
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From (5) and (6) solving for  nn XT
~

,
~

 we have 
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Applying Brahmagupta Lemma between the solutions 

 00 , XT  and  nn XT
~

,
~

 the general solution  11,  nn XT  of (3) is 

found to be  
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 nnn gfX
2

35

2

7
1                                           (8) 

Using (7) and (8) in (2), we have 

111 5   nnn TXx nn gf 356 
                        (9)  

nnnnn gfTXy
35

42
77 111                        (10) 

Thus (9) and (10) represent the integer solutions of hyperbola 

(1). 

A few numerical examples are given in the following Table: 

2.1 below: 

Table: 2.1 NUMERICAL EXAMPLES 

n  1nx
 1ny

 

-1 12 14 

0 142 168 

1 1692 2002 

2 20162 23856 

Recurrence relations for x and y are 

...1,0,1,012
123




nxxx
nnn

 

 
...1,0,1,012

123



nyyy

nnn

 
2.1 A few interesting relations among the solutions are given       

below 

(i)  056 121   nnn yxx
 

 

(ii)  056 221   nnn yxx  

(iii)  05716 321   nnn yxx  

(iv)  06071 131   nnn yxx  

(v)  010 231   nnn yxx  

(vi)  06071 331   nnn yxx  

(vii)  067 211   nnn yyx  

(viii) 07184 311   nnn yyx  

(ix)   06717 321   nnn yyx  

(x)   05671 132   nnn yxx  

(xi)   056 232   nnn yxx  

(xii)  056 332   nnn yxx  

(xiii)  067 212   nnn yyx  

(xiv)  014 312   nnn yyx  

(xv)  067 322   nnn yyx  

(xvi)  07167 213   nnn yyx  

(xvii)  07184 313   nnn yyx  

(xviii) 067 323   nnn yyx  

2.2 Each of the following expression represents a cubic 

integer 

(i)    
214333

33612



nnnn

xxxx
 

(ii)     315333 3429143
12

1
  nnnn xxxx  

(iii)     113333 1051263542
7

1
  nnnn yxyx  

(iv)     214333 105149135497
42

1
  nnnn yxyx  

(v)      315333 10517766355922
497

1
  nnnn yxyx  

(vi)
  
   

325343
3642912143




nnnn
xxxx

 

(viii)     
224343

12601491420497
7

1



nnnn

yxyx  

(ix)     325343 1260177664205922
42

1
  nnnn yxyx  

(x)     133353 15015126500542
497

1
  nnnn yxyx  

(xi)     2334353 1501514915005497
42

1
  nnnn yxyx  

(xii)     
335353

150151776650055922
7

1



nnnn

yxyx  

(xiii)     214333 126149142497
49

1
  nnnn yyyy

    

(xiv)     315333 12617766425922
588

1
  nnnn yyyy  

(xv)     325343 1491177664975922
49

1
  nnnn yyyy
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2.3 Each of the following expression represents a bi-quadratic 

integer 

(i)     212412
2

215444


 nnnn
xxxx

 

(ii) 
 

    2881434121716
12

1 2

3164442
  nnnn xxxx  

(iii) 
 

    9835424245294
7

1 2

1144442
  nnnn yxyx  

(iv)
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1
2
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2
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1
2
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2

nn

nn

yx
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(vi) 2)12143(4)12143( 2

326454


 nnnn
xxxx  

 
(vii)

 
    3528420424176401764

42

1 2

1244542


 nnnn
yxyx

 

(viii)
 

    98420497429403479
7

1 2

2254542
  nnnn yxyx

 

(ix)
 

    35284205922417640248724
42

1 2

3264542


 nnnn
yxyx

 

(x)
 

    4940185005424248748520874
497

1 2

1344642
  nnnn yxyx

 

(xi)
 

    35285005497421021020874
42

1 2

2354642
  nnnn yxyx

 

(xii)
 

    985005592243503541454
7

1 2

3364642
  nnnn yxyx

 

(xiii)
 

    4802424974205824353
49

1 2

2154442
  nnnn yyyy

 

(xiv)
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588

1
2
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2

nnnn
yyyy

 

(xv) 
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49

1
2
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2

nnnn
yyyy

 

2.4 Each of the following expression represents a nasty 

number 

(i)  12672
3222


 nn
xx

 

(ii)  1446852
12

1
4222


 nn
xx          

(iii)  84210252
7

1
2222


 nn
yx  

(iv)  5042102982
42

1
3222


 nn
yx  

(v)  596421035532
497

1
4222


 nn
yx  

(vi)  1272858
4232


 nn
xx  

(vii)  5042520252
42

1
2232


 nn
yx  

(viii)  8425202982
7

1
3232


 nn
yx  

(ix)   504252035532
42

1
4232


 nn
yx  

(x)  596430030252
497

1
2242


 nn
yx  

(xi)  504300302982
42

1
3242


 nn
yx  

(xii)  843003035532
7

1
4242


 nn
yx  

(xiii)  5882522982
49

1
3222


 nn
yy  

(xiv)  705625235532
588

1
4222


 nn
yy  

(xv)   588298235532
49

1
4232


 nn
yy

 

2.5  Each of the following expression represents a quintic 

integer 

(i)      
21

3

216555
56012512




nnnnnn
xxxxxx

 

(ii) 
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3
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3
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143514420592
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1
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xx

xxxx
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3
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3
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7

1
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nnnn
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yxyx
 

(iv) 
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3
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3
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1
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2.6 Remarkable Observation 

  
I. Employing linear combinations among the 

solutions of (1), one may generate integer solutions for other 

choices of hyperbola which are presented in Table: 2.6.1 

below. 

Table : 2.6.1 HYPERBOLAS 

S.N

O 
HYPERBOLAS  nn YX ,  

1. 14035 22 
nn

YX  
 
 















21

21

671

,12

nn

nn

xx

xx
 

2. 2016035 22 
nn

YX  
 
 















31

31

6846

,143

nn

nn

xx

xx
 

3. 686035 22 
nn

YX  
 
 















11

11

210245

,3542

nn

nn

yx

yx
 

4. 24696035 22  nn YX  
 
 















21

21

2102940

,35497

nn

nn

yx

yx
 

5. 
3458126035 22  nn YX

 

 
 















31

31

21035035

,355922

nn

nn

yx

yx

 

6. 14035 22  nn YX
 

 
 















32

32

71846

,12143

nn

nn

xx

xx

 

7. 24696035 22  nn YX
 

 
 















12

12

2485245

,42042

nn

nn

yx

yx

 

8. 686035 22  nn YX
 

 
 















22

22

24852940

,420497

nn

nn

yx

yx

 

9. 24696035 22  nn YX
 

 
 















32

32

248535035

,4205922

nn

nn

yx

yx

 

10. 
3458126035 22  nn YX

 

 
 















13

13

29610245

,500542

nn

nn

yx

yx

 

11. 24696035 22  nn YX
 

 
 















23

23

296102940

,5005497

nn

nn

yx

yx

 

12. 686035 22  nn YX
 

 
 















33

33

2961035035

,50055922

nn

nn

yx

yx
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13. 33614035 22  nn YX
 

 
 















21

21

2452940

,42497

nn

nn

yy

yy

 

14. 
4840416035 22 

nn
YX

 

 
 















31

31

24535035

,425922

nn

nn

yy

yy

 

15. 33614035 22  nn YX
 

 
 















32

32

294035035

,4975922

nn

nn

yy

yy

 

II. Employing linear combinations among the solutions of (1), 

one may generate integer solutions for other choices of 

parabola which are presented in Table: 2.6.2 below:       

Table: 2.6.2 PARABOLAS 

S.N

O 
PARABOLAS  nn YX ,  

1. 14035 2  nn YX  
 
  

















21

3222

671

,212

nn

nn

xx

xx
 

2. 20160420 2  nn YX  
 
  

















31

4222

6846

,24143

nn

nn

xx

xx
 

3. 6860245 2  nn YX  
 
  

















11

2222

210245

,143542

nn

nn

yx

yx
 

4. 2469601470 2  nn YX  
 
  

















21

3222

2102940

,8435497

nn

nn

yx

yx
 

5. 3458126017395 2 
nn

YX
 

 
  

















31

4222

21035035

,994355922

nn

nn

yx

yx

 

6. 14035 2  nn YX
 

 
  

















32

4232

71846

,212143

nn

nn

xx

xx

 

7. 
2469601470 2  nn YX

 

 
  

















11

2232

2485245

,8442042

nn

nn

yx

yx

 

8. 6860245 2  nn YX
 

 
  

















22

3232

24852940

,14420497

nn

nn

yx

yx

 

 9. 2469601470 2 
nn

YX
 

 
  

















31

4232

248535035

,844205922

nn

nn

yx

yx

 

10. 3458126017395 2  nn YX  

 
  

















13

2242

29610245

,994500542

nn

nn

yx

yx

 

11. 
2469601470 2  nn YX

 

 
  

















23

3242

296102940

,845005497

nn

nn

yx

yx

 

12. 6860245 2  nn YX
 

 
  

















33

4242

2961035035

,1450055922

nn

nn

yx

yx

 

13. 3361401715 2  nn YX
 

 
  

















21

3222

2452940

,9842497

nn

nn

yy

yy

 

14. 
4840416020580 2  nn YX

 

 
  

















31

4222

24535035

,1176425922

nn

nn

yy

yy

 

15. 3361401715 2  nn YX
 

 
  

















32

4232

294035035

,984975922

nn

nn

yy

yy

 

 

2.7 Generation of Pythagorean triangle 

2.7.1   Let p, q be the non-zero distinct integers such that 

11 


nn
yxp , 

1


n
yq  

Note that 0 qp  treat p, q as the generators of 

Pythagorean triangle  ZYXT ,, where 

    
pqX 2  , ,22 qpY  ,22 qpZ  0 qp  

Let A, P represents the area and perimeter of Pythagorean 

triangle. Then the following results are observed. 

(i) 569145  ZXY  

(ii) 
11

2



nn

yx
P

A
 

(iii)      
P

A
YX

4
   is written as the sum of two squares. 

(iv) 









P

A
X

4
3    is a Nasty number. 

(v) )(3 YZ 
  

is a Nasty number. 

2.7.2   Let p, q be the non-zero distinct integers such that 

11 


nn
yxp , 

1


n
yq  

Note that  0 qp  treat p, q as the generators of 

Pythagorean triangle  ZYXT ,, where 

      pqX 2 , 22 qpY  , 22 qpZ  , 0 qp  
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Let A, P represents the area and perimeter of Pythagorean 

triangle. In this case, the corresponding Pythagorean triangle 

satisfies the relation 563710  ZYX  

3.       CONCLUSION 

In this paper, we have presented infinitely many  integer 

solutions for the Diophantine equations represented by 

hyperbola is given by 2857 22  yx . As the binary quadratic 

Diophantine equations are rich in variety, one may search for 

the other choices of equations and determine their solutions 

among the suitable properties. 
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